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Abstract

For the Lie algebra sl,, we give an explicit form of an irregular-singular version
of the KZ equation. In the simplest non-trivial cases these KZ equations
reproduce the quantum Painlevé equations QP;—QPy possessing affine Weyl
group symmetry, found previously by one of the authors.

PACS numbers: 02.30.Hg, 02.20.Sv, 02.30.1k

1. Introduction

Let g be a complex simple Lie algebra, and let Vy, ..., V, be g-modules. The Knizhnik—
Zamolodchikov (KZ) equation is a system of linear differential equations for the unknown
functionu e Vi ® ---® V,,

du Q)

u i=1,...,n), (1.1)

where « is a parameter and (/) stands for the quadratic Casimir element of Ug acting
non-trivially on the ith and jth tensor factors. Operators appearing on the right-hand side of
(1.1) are the Gaudin Hamiltonians well known and studied in integrable systems.

It was observed some time ago [1, 2] that the KZ equation gives a quantum version of the
monodromy preserving deformation of linear differential equations. The interpretation goes
as follows. Let U = U(zy, ..., z,) be a fundamental solution of (1.1). Consider also the
KZ equation which has one more singularity at zp = z, and let U =0 z1,...,2,) bea
fundamental solution with values in End(Vy) ® End(V, @ --- ® V,)). Then Y (z) = U~'U ()
satisfies

Y A
R Y, 1.2
0z Z;z—zi 1:2)
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Y A,
w__ Ay (1.3)
32,‘ — I

where A; = (1/K)U~'QO)U. Equations (1.2), (1.3) are identical in form to the auxiliary
linear system of the Schlesinger equations. Hence the same equations hold in the present case
for the matrices A; with non-commutative entries. The classical case is recovered in the limit
h=1/k — 0.

Monodromy preserving deformation of linear differential equations with irregular
singularities was studied in [3]. In addition to the position of the poles z;, there appear
new deformation parameters (the parameters of irregularity). In [1] the case with multiple
poles was also treated, but equations with respect to the parameters of irregularity have not
been discussed. The case with poles of order at the most two was studied later from different
points of view in [4-6]. Recently, Gaudin Hamiltonians with irregular singularities have
attracted attention in connection with the geometric Langlands correspondence [7, 8].

To the authors’ knowledge, the KZ equation with respect to the parameters of irregularity
has not been written explicitly in the literature beyond the case of Poincaré rank 1 (i.e., double
poles). The aim of the present note is to do that in the simplest case g = s[,. From the argument
of [1], it is well expected that the corresponding isomonodromy deformation equations lead to
a quantization of Painlevé and degenerate Garnier equations. Indeed, in the simplest cases we
find the quantum Painlevé equations with affine Weyl group symmetry of types II through V
(to be denoted by QP;;—QPy,), which have been introduced previously® by one of the authors
[9].

The text is organized as follows. In section 2, we summarize some facts about the Gaudin
Hamiltonians associated with a Lax operator having poles of arbitrary order. In section 3,
we introduce confluent Verma modules for sl,. In section 4, we define the confluent KZ
equation. We also give integral formulae for solutions. In section 5, we interpret them as
quantization of monodromy preserving deformation from KZ equation following the recipe
of [1]. In particular, we identify the Hamiltonians of the quantum (irregular) Schlesinger-type
systems with the (generalized) Gaudin Hamiltonians. In section 6, we discuss examples of
the quantum Painlevé equations QP;—QPy,.

We note here that the quantum Schlesinger-type system and the quantum Painlevé
equations are not quite equivalent. Certainly the latter is obtained from the former by
eliminating some entries of the associated linear equation, but in this process it is necessary to
invert them. Namely we are forced to work in the quotient skew field generated by these non-
commutative elements. For the KZ equation associated with highest weight-type modules,
this invertibility fails. Hence our integral solutions to the KZ equation do not give rise to
solutions to the quantum Painlevé equations. It remains an open question to find solutions to
the latter.

Throughout this note, we set g = sl,, g[t] = g ® C[¢], and denote by e, f, h the standard
basis of g. For a non-negative integer r, we denote by g = glt]/¢"*'g[¢] the Lie algebra of
truncated polynomials over g.

2. Gaudin Hamiltonians

In this section, we collect necessary facts about the Gaudin Hamiltonians for sl, associated
with a rational L operator. The materials in this section are fairly standard. For the connection
with conformal coinvariants (see, e.g., [7]).

3 The case QPyy has not been considered in [9]. For comparison we also consider QP; which has no affine Weyl
group symmetry.
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Letzy, ..., z,, 00 be distinct points on P!, andletry, ..., rp, oo be non-negative integers.
Seta = (&"_,g?) ® g, where
g" =gt/ glrl (1 <i <), g = rglt]/1"™~gl1.

Let further & = g©@ & a, where g©@ = End(C?) and C? is the standard two-dimensional
representation of g. Denoting by x! the image of x ® 77 under the embedding g’ — &, we
set

) — L@ () ) ,() L 1@ ()
Qp,q =€ fq +fp € +2hp hq :
The following element of @ is called an L operator:
(Ot)

Lo =YY -y e
z— z) p

i=1 p=0
It satisfies the commutation relation

[L(Z)®l,1®L(w)]=—[Z_Lw,L(z)®1+1®L(w)i|, 2.1)

where P € End(C? ® C?) stands for the transposition. Define
A(z) = Ju(L@)?).

The commutation relation (2.1) implies

L(z),L
[L(2), Aw)] = L& LT 22)

I—w

[A(z), A(w)] = 0. (2.3)

Introducing the Laurent coefficients G,(f) € U(a) by
2r;

AR) = ZG” -7 @,

2reo

— Z G(OO) k=2 (Z_> OO),

we have
n 2r; (,) 2roo
(00) ,p—2
Alz) = Z Z (Z_Z)p+2 ZGI’ 2
i=1 p=—1 p=2
From (2.2) we deduce that
GPri<k<2ri=1....n G e+ <k < 2r0) 2.4)
are central elements of U (a), while for the element Gﬁf) we have
(6. L@] = [20,2. L@)]. 2.5)

From (2.3), the remaining coefficients
G| —1<k<rn—1,i=1,....n}U{G |2 <k <reo— 1} (2:6)

are mutually commutative. We call them (generahzed) Gaudin Hamiltonians. Later these

elements will be used to construct the confluent KZ connection. We shall also use
n

G\ = Z G", G =) (G +GY). @2.7)
i=1
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which belong to the above commutative family. Explicitly the elements (2.6) are given by

. 1 . + .
(i) Z , Z p+q (i,00)
le = 5 Qg,;) - ( p )Z?Qk{#;il,p+q+l

p+q=k P.q=20
P,q=0
p+q (=1” i)
DI ( » >m9k12+1,q (k> =D, 2.8)
&) p.g=0 o
] n p+q .
6= X e =L X (T )daln. wxn, 29
prq=k i=1 p,g=0 p
p.g>0

Note that for G(()Oo) we must use (2.7) since the expression (2.9) does not apply.

3. Confluent Verma modules

In this section, we introduce confluent Verma modules which will be used in subsequent
sections.
Let b = Ce ® Ch, b,y = b[t]/t"*'b[t]. For an (r + 1)-tuple of parameters y =

Vo, +--» Vr—1, ¥r) € C" x C*, consider the induced module

M(y) = Indf,((:;(Cl,,, (3.1)
where C1, denotes the one-dimensional b,)-module given by

®iH1, =0, (e, =yl,  O<p<n. (3.2)

We call (3.1) confluent Verma module of Poincaré rank r with parameter y .

We shall consider also a variant of (3.1) for the Lie subalgebra gzr) = rg[t]/t" g[r].
Taking y = (0, y’) with y’ € C"~! x C* and regarding M (y) as g,,-module, we define its
subquotient

M@y)Y=MG)/(f1 M), M'(y') = Ulgy)1,.
Since [, g/(r)] C g;r) the action of hy = h ® t° is well defined on M’ ("), so we shall regard
M'(y") as a module over g, & Chy.

In fact, the module M (y ) is obtained from the special case M (y°) (y° = (30,0, ..., 0, 1))
as a twist by an automorphism,

P, v =p(r") o ey,
where p(y) : U(g() — End(M(y)) stands for the structure map. The automorphism ¢(y’)

of g is defined from the derivations {0 }o<r<r—1 given by 0x(§ ® t7) = p§ ® tP (g € g).
Consider the system of linear differential equations for g)-valued functions &,,

Di(§p) = péisp O<k<r—1), (3.3)
where
r—k 9
Dy = ZPVk+p—-
p=1 9y

These equations are integrable because

[0k, 0] = (I — k)0syy, [Dy, Di] = (I — k)Dyy
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hold, where we set y, = Ofor p > rand 0, = 0,D, = 0 (p > r). Let £,(y’) be the
unique solution of (3.3) satisfying the initial condition £,(0,...,0,1) = § ® ¢”. Then the
automorphism ¢(y’) is given by

(") 80y = 80 ER@17 > £,(Y). B34

Remark. The module M (7/0) has a realization on the vector space C[xg, x1, ..., x,] with
1, = 1. The generators act by the following formulae:

@ P X 3.5)

h [ tk = Sk!r — 2 pr+kap + J/O(Sk,()s (36)
p=0

e@1" =0, — Z Xprq+kpdg + YoSi,090- 3.7)
p.q=20

Here 0, = 9/9x,, and x, = 9, = 0 for p > r. Similarly we have a realization of M’(y’) on
Clxy, ..., x,—_1]. For example, when r = 3 and y’ = (y1, ¥2, ¥3), solving equations similar
to (3.3) we obtain for M'(y’) = C[x, x2],

ey =10+ 1y b, ey =y, es(y)) =0,
’ 1/3 1., —1/3 / 2/3 ’

HY) =y x1+ 373 “rex, L) =y x, fHy) =0,

hi(y) = =2y, x20, + 1, hy(y") = ya, h3(y") = v3.

In the sequel, these explicit formulae are not relevant. We shall use only equations (3.3).

4. Confluent KZ equation

From now on, we regard M (y) as realized on a fixed underlying vector space M (yy, 0, ..., 1),
where the action of the generators £ ® ¢ obey equation (3.3). Where necessary we exhibit
the y-dependence explicitly as &,(y).

Retaining the notation of section 2, let us consider a family of a-modules

MAy) =MV Q. - @ M™ @ M @1
parametrized by v = (@, ..., ), where

MY = M(]/(i))7 y(i) = (yo(i), ey ]/r(l)) e C' x C*,

MO — M/(j/(oo)), )/(OO) — (VI(OO)’ o, J/(oo)) e ¢! x Cx.

We set

n

ho=Y h§ +h5.

i=1
On (4.1), the central elements (2.4) act as the scalar

G<”=ﬁ<”-id (rn <k <2, (0, k) # (00, 7o), (4.2)
k+1
(x) )
> vy, A>+< 5 —3m> v 4.3)
p+q=k
P4 28100

In the exceptional case (A, k) = (oo, roo) we have in place of (4.2)
GSOO) + zerO)h = ﬂ(oo)
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which follows from
(G, L] =[50 L@] = ~[3727ho. L(2)]-

In the last line o = (; ) and we used

[L(z), ho+0°]=0.
Fixing a parameter «, we define the differential operators

. —K_+G(_i) (k:-l),
r =1 "9z (4.4)
—«DP +GP — B O<k<r—1),
—. Dy + G — —ho(ho +2) (k = 0),
(00) _
ré = | (4.5)
kD + G — ,§°°) +5hoy y (1<k<reo—1).

The additional terms ,Bk ¥ (1/2)hy - (Oo) are introduced in order to ensure that all but a finite
number of the operators vanish,

rH =0 k >r).

The term (1/4)ho(ho +2) in Déoo) is inserted for convenience.
Consider now the system of linear differential equations

r% =0 (1<i<n), (4.6)
rHu=0 O<k<r—1,A=1,...,n, 00). .7
Here u is a M(y)-valued unknown function in the variables z = (zy, ..., z,) and . We call

(4.6), (4.7) the confluent KZ equation. Since F(’\) ’s commute with /1y, we may consider them

on each eigenspace M(y), of hy with eigenvalue Z -1 Vo(l) — 2d. We note also that (4.6),

(4.7) imply the homogeneity relation

K (Dg"‘” - 2—1; (D(’) 2o )) u= (Z,B(’) ( 1)) u.

The following lemma shows that this system is integrable.

Proposition 4.1. We have

(9,19 = o (1 <icj<n),
[r9.r*] =0 O<k1<i<nmAi=1,...,n00),
(M = e =DTG O <kbdp=1,....n,00).

Proof. The assertion follows from the commutativity of the Hamiltonians (2.6), along with
the following relations which can be verified directly:

D). 6] = 561",
=8, — )D),

D, GE‘“] —[D". 6] = 8.0 = DG,

— [0, B ] = 8.0t = 0B

— [0 v P =8 = k) O
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The known integral formula for solutions for the KZ equation [13, 14] has a straightforward
generalization to the present setting. Define the master function

d(t;2,7) = Di(z,7)/® 0y (t; 2, )",

where t = (¢, ..., ;) and

i, + 1 1
oz = [] (i =z exp | - > <p q) Dl v v

ptq(z—zprat? Ya

1<i<j<n pazo N P
p+q>0
- p+q
_ ‘I (@), ,(00)
con |- X (7)) et

i=1 p,g>0
+>

0)

Dy(t;z,y) = l_[ tb)znl_[ (ta — zi)~ %' exp Z_(t — )P

1<a<b<d a=1i=1 p>0

X exp ZZIQ Sl I

a= lp>0

Set further forx € g

O)( 0))
=YY e~ e

i=1 p=>0 p=>1

Let 1, stand for the tensor product of 1,,»’s.

Proposition 4.2. With an appropriate choice of cycles T, the function

d d
=/Hdla'q)(t;Z,’Y)Hf(la;Z,’)’)'l'y
1-a:l a=1

taking values in M(7y), is a solution to the confluent KZ equation.

Proof. First we recall a formula from algebraic Bethe ansatz for the Gaudin system.
We abbreviate x(¢;z,) to x(t). Denote by A(z) the eigenvalue of 4(z) on 1,, and set

X(z) = Az — X¢_, 2/(z — 1,). Noting that

[x(2), y(w)] = —

1
([x, ¥y1(2) — [x, y](w)),
—w

1
[AG), fF(O] = —:(f(z)h(t) — f(Dh(z)),

we obtain

d

. 2 ) f@
(A@D = A [ Flly =) (2t = D [1 ram,,

a=1 a=1 b(a) la =1 | 2~ la b(£a)

where A(z) = 1X(z)* — 1X'(z). This formula allows us to find the action of the Gaudin
Hamiltonians on the integrand. The assertion can then be verified by a direct substitution. [J

7
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5. Monodromy preserving deformation

In this section, following the recipe of [1, 2] we discuss the connection with the monodromy
preserving deformation. From now on, we use the parameter » = 1/« in place of k.

Let U be an invertible matrix solution to the confluent KZ equation (4.6), (4.7), and let
U (z) be the matrix solution to the extended system obtained by adjoining the point zy = z and
the two-dimensional g-module C? with ry = 0. Then it is immediate to see that the quantity
Y(z) = U~'U(z) satisfies the equations

3
—Y = A(2)Y, (5.1)
0z

P .
—v = BY ()Y, (5.2)
aZi
DMy = BP (2)Y. (5.3)

Here we have set

n T A(l) Too
A@) =hUT'L())U = ZZ( — = AL,
i=1 p=0 < < p=1
ri—k—1 0
‘ ' A9
BOG =— 3 ek
= @
N a0, L s 0
> A+ =0y, k> 1),
B(oo)(Z)Z p=0 2
k n h
A0+ Y @B+ B @)~ 5 Shea e’k =0)

The coefficient matrices in (5.1)—(5.3) have the form

iyA%) Z(0)

A(x)_ 2%k k

L Qe 1z |
e —aly

where the entries satisfy the rescaled commutation relations

[EX, 7] =18, ,Tros with ¢ = [£,7].

The integrability condition for (5.1)—(5.3) gives rise to a system of nonlinear differential
equations for them with respect to the ‘time’ variables z and «y. These are the quantization of
the (irregular) Schlesinger system.

Lemma 5.1. The quantized Schlesinger system given above are Hamiltonian equations. The
Hamiltonians corresponding to the vector fields 9/9z; and D,EA) are given by

HY =nUu7'GPU A1<i<n, -1<k<r—1),

h
RUT'GOU + 3 y<°°> (1 <k <ro—1),

ho (h
W'GU - h20(20+1> (k = 0).

(00) _
H ™ =

Proof. The proof being similar, we consider the case of D,Ei) 1<i<nk=>0).

8
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In the commutation relation (2.2), the singular part at w = z; gives

Q) a1

(i) _ , P+
(67 L] = X = L@
p=0 !

Conjugating with U~! we obtain
[H". A)] = —[B (). A@D)].
Hence the integrability condition implies
0 b _ pi ; 08, ;
0= [a_z — Az), DY — B,E)(z)} =D A(z) — a_§ ~[A@, B].

‘We now note that the second term can be written as
(l)

aB<’> . 4
=2 P+ Lo T =D,
p=0

where D,((” means D,Ei) acting only on the time variables, regarding the dynamical variables as
constant. In summary we have obtained

D Az) = [A®), H]+ D A(2),

showing that {Hk(” } are the Hamiltonians for the time flow with respect to y . [

0<k<ri—1

Remark. The symplectic structure of the isomonodromy deformation equations has been
studied in [10]. Apparently the explicit formula for the corresponding Hamiltonians is not
known in general. For the Lie algebra gl,, formulae for the Gaudin Hamiltonians in [11, 12]
may help in this regard.

6. Examples: quantum Painlevé equations

In the previous section, we considered the quantum Schlesinger system for &,, which are linear
operators defined on each (finite-dimensional) graded component of M (7). In this section, we
write them allowing for formal inverse of £,’s. Namely, we consider the quotient skew field
generated by the latter. Calculating examples as in [15], we reproduce the quantization of
Painlevé equations with the affine Weyl group symmetries. These equations have been found
previously by one of the present authors [9] as a quantization of the Noumi—Yamada system
[16].

The case of QPy. Letn =2,r, =r, =0,z =0,z = l and roo = 1. We set

eioo) = 1(00) =0, hgoo) = —kn, yl(oo) = —Kn.

It is easy to see that the quantities
AOCEAC)
hy +hy,
Ci — % l)h(l) —(i)f_(()i) + f_g)é(()l) (l — 1’ 2)’

are the first integrals. We shall reduce the quantum Schlesinger equation in terms of the
coordinates which are invariant under the gauge transformation Ag ) > X A(()’ X! by a
diagonal matrix X. More specifically, setting

hy) +hy = —0s — 21, Ci = 36 —h)(6; +1),
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we parametrize the entries as follows:

R =20 +6) —n, R = =21 — 6y — 0 — 1,
- - 6y — 01 +6 A
o) = —(i+ 60, éf)=<a+—° 5 w)ax,
A Op+6;+6
e =a'p, %”:—mm*(ﬂ+ﬁ—€r—f>

The commutation relations for the new variables A, [, it, 6y, 6; and 6, derived from those of
@)
o read

[a, 2] =0, [a, 1] = ha, 00, 2] = [60, 21 = 0,
b, A1=—hk, [0, &] = 2ha,
and 6, 9; are central. The corresponding quantized Schlesinger system is
d 4 o A o Op— 601 +6~ 36)+6,+6 A
n—i=nh—20— DG — 1) — (2222} - BT AT R ),
an 2 2
3}\ N 90—91+9 A n A N 90+91+9
n—p= o+ ———— )i —(a+0)ri" A+ —— ).
an 2 2
a O —01+00\ 1~ = 6p+61 +6
ngﬁ.ﬁ4:<ﬂ+£——L—3)A+X4(ﬂ+£—€r—ﬁ>—Qﬂ+%L
n

and 0y, 01, 6~ are constants, with the Hamiltonian HO(OO). In order to compare these with
the quantum fifth Painlevé equation in [9], we make a further change of variables. For the
parameters we set

6o — 01 +6 Op + 61 +06
%=2C—JL7%—3, o =—C — B +6, chz—C—m+ﬂ+iL€T4i
O[3=1—O{()—011—Olz, h=—h,

where C and g are determined by

6o — 01 +0 h(By — 01 +0s — h
2 =00 (6o — 01 + 00 )207
2 4
—6y+ 6 +6 h ((—=6y+6; +6 h
B M+ﬂ_h + 2 M.,.zﬂ__ —0.
2 2 2 2
As for the functions A, i, let
1 A A
. n2 A s AT AT R .
f(): ~ flz(l_)\') T (1_)\')’
1—A 27]2
A 1 A A 1 A
fa=mn2—fo, fa=n2—f1,
A=p+C— 2
A—1

Writing the equations in these new variables, we have the quantum fifth Painlevé equation
i fel=h, [0 fi =0,

d 4 A A oA A A A 1 A A )
ﬂ%fi =fifinfin—finfinfi+ (5 - ai) finntaifin (i € Z/AZ),

51) as Bicklund transformations.

which has an action of the affine Weyl group of type A

10
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The other Painlevé equations are derived in a similar manner. In what follows, we give
the choices for n, r;, y[(’ ) transformations of éi” ). and Hamiltonians.

The case of QPpy. Letn =1,r1 =0,z; = 0,75 =2 and

Vo ==2m, ™ = =2,

h = 2k, ey =0, 1 =0, h$® = 2.
We transform the variables as
7 (1 An L oan (1 f ol (1 Z(1 .
h(())z(%(qp+pq)+290), e(())z—u 1p(%qp+290), f(())z%uq,
&> = 07" (PG + 260 + 200), i = —a.
The commutation relations derived from Ei(j ' read

[9007 ‘?] =Oa [9007 ﬁ] =Oa [90071:2] Zhﬁa

[ﬁa CAI] =05 [l,’iv ﬁ]zoa [135 5]]2_2717

and 0, is central. The Hamiltonian is
h 1
H™ = U™ GYU + Shoys® = —hU ™' Q™ U — = (20 +11)

== (GDpg+pgp —2npg +2002p + §) + 200G — 21(26) — 1) +2(200 + 1))

1 [ 2
=—< 1V—ﬁ<%+%+2h>—2al—a2—2h>,

2h
where H v 1is the Hamiltonian of the quantum fourth Painlevé equation in [9] where
fo=2n—p—4q, fi=p, fr=a,
g =2(1+6) — 0s), ap =20 +0x), ay = —46,.

The case of QPyy;. Let us first present a quantization of Py with affine Weyl group symmetry,
as it has not been discussed in [9]. Let [Cyp be a skew field with generators p, ¢, o1, o and
n, and with commutation relations [p, g] = h (h € C) and «y, ay, t are central. We define a
quantized Hamiltonian ﬁlu by

Hy =1 (pa(p— Dg+(p—Dapg+apa(p— D +4(p — Dap)
+ 2o + @) (G P + pg) — aod +p,

where ap = 1 — 2a; — op. We define a C-derivation 8, by

I of
8, (f) = E[HIIL fl +’7£ (f € Km).

The Heisenberg equations for p and § are
O P i s .
8)(@) = - 1Hm, 41 =24p4 — " + (@0 + )q +1,
o b A A e .
8y (p) = o [Hum, Pl =—=2p4p+4p+ pq — (o + ) p + 0.

We define further the transformations for the generators of Ky as follows:

a ag o x n q p
so | —ag  artag a0 n g+agp™! P
s1 | o+ 20 —o a+20; | —n g p— 201161_1 +n€]_2

A

S2 o o) + o —0) n o g+o(p—17" p-
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Then s;’s preserve the commutation relations and satisfy the relations
)7 =1, sos)* =1, (=1
Hence W = (s¢, 51, 52) gives a representation of the affine Weyl group of type Cé” . Moreover,

s; (i =0, 1,2) commute with the derivation §,,.
Now, we turn to the confluent KZ equation. Letn = 1,r; = 1,z; = 0,7, = 1 and

1
eiOO) = fl(OO) = Os h§00) = —kn, yl(OO) = —kKkn, )/1( ) = —Kk7.
We change variables as
O 1. ~ - _

&) = (wp)™! ( S+ Ry +éi”fé”> C R =—awh, B =0,
g’ =w'G-0.  J'=-wp K’ =2p-1L
Their commutation relations derived from §i(j ) are

[0, 41 =0, [0 P1 =0, [Ooo, w] = 2hw,

[w7 q]:hwﬁ_l7 [w7 [3] =O5 [ﬁ7 Q]:_h,

and 0, is central. The Hamiltonian is

1
H" =nU'GYU =nU ! (5986” —~ Qﬁ{i"")) U

1 8o + Buo 02  n hls
I AA_IAA_hAl_A+GOOAA+ A+ A+;.o__+_
h<q(p )gp —hq(l — p) qp S 4ttt
I [~ o (ap+a)? 7
== m-—=+t+——=],
h 2 4 2

where ag = (6y + 0o0)/2 and oy = —(6p — 00) /2.
The case of QPy. Letn = 0,r, = 3 and

"™ = —wn, n~ =0, n =2,
& =0 =0, P =-2% =0
We change variables as
&> =2a7'2pg +90), F = ag, R = —4p —1y
& =4n"'p, Feo = —i
The commutation relations derived from éi(j ) are
10,41 =0, [0, p1 =0, [0, &t] = hit,
@.41=0,  @.p1=0,  [pal=—5.

The Hamiltonian is

h 4 0 4
HY =nU~'GY¥U = EU*lsz(ff‘f’“”U =7 (6113@ +pP+ giﬂ + —@) =~ Hu,

where 1711 is the Hamiltonian of the quantum second Painlevé equation in [9] where

fo==3-p-0" fi=bh, f2=4. ap = —6/2.

The case of QP;. This case corresponds to a representation of zg[t]/t*g[¢] such that
e =0, 00—, A = 0.

12
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Such modules do not belong to the confluent Verma modules M’(y’) in section 3. In both
cases, the central elements & ® " of g;r) act as a scalar x (&), where x is a linear form
t"glt]/t"* g[t] — C. Under the identification (¢"g[t]/t"*'glt])* ~ g* ~ g, x for M'(y")
corresponds to a semi-simple element y,.h € g, while here it is a nilpotent element e € g. For
such modules the preceding considerations do not apply directly, and we do not know how to
write the KZ equation in general and their integral solutions.

Here we are content to formally deriving QP; by considering the system

Y

— = (0+zz + A;oo)z + Agoo))Y,
0z

aY

— = (o*z+ APy,

an

where we set n = yl(oo),

0 1 h,/2  f,
+ (00) _ p );
7= (0 0)7 Ap _( Z’p _B[’/Z),

and £,’s satisfy the commutation relations of ¢g[t] /t*g[t] scaled by . With the change of
variables

e =g, ) = —L@ap+a*qg +49* —n — V2C, R = V2(p +0g),
&=t =il -). B =
the commutation relations become

[C,q]1=0, [C, pl =0, [C, 2] = —hv/?2,

[&,4] =0, [&, p]1 =0, [D,q] = —h.

The Hamiltonian is

h 1/ p?
H™ =nU~'GYOU = EU-lszﬁ?f*"‘”U == (% —24° — (n+ fzcyy) :
Note that C commutes with p, § and H2(°°>. Redefining n we obtain a quantization of the
Hamiltonian

Hi(q.p.t) =ip*—2¢° —1q

for the first Painlevé equation.

Acknowledgments

Research of MJ is supported by the Grant-in-Aid for Scientific Research B-18340035. MJ and
HN are grateful to Koji Hasegawa, Gen Kuroki and Dmitri Talalaev for helpful discussions.

References

[1] Reshetikhin N 1992 The Knizhnik—Zamolodchikov system as a deformation of the isomonodromy problem
Lett. Math. Phys. 26 16777

[2] Harnad J 1996 Quantum isomonodromic deformations and the Knizhnik—Zamolodchikov equations Symmetries
and Integrability of Difference Equations (Estérel, PQ, 1994) CRM Proc. Lecture Notes vol 9) (Providence,
RI: American Mathematical Society) pp 155-61

[3] JimboM, Miwa T and Ueno K 1981 Monodromy preserving deformation of linear ordinary differential equations
with rational coefficients: I. General theory and 7 function Physica D 2 306-52


http://dx.doi.org/10.1007/BF00420750
http://dx.doi.org/10.1016/0167-2789(81)90013-0

J. Phys. A: Math. Theor. 41 (2008) 175205 M Jimbo et al

[4]
[5]

[6]
(7]

[8]
[9]
[10]
(1]
[12]
[13]

[14]

[15]

[16]

14

Felder G, Markov Y, Tarasov V and Varchenko A 2000 Differential equations compatible with KZ equations
Math. Phys. Anal. Geom. 3 139-77

Milsson J and Toledano Laredo V 2005 Casimir operators and monodromy representations of generalized braid
groups Transf. Groups 10 217-54

Boalch P 2002 G-bundles, isomonodromy and quantum Weyl groups Int. Math. Res. Not. 22 1129-66

Feigin B, Frenkel E and Toledano Laredo V 2006 Gaudin models with irregular singularities Preprint
math.QA/06127981

Feigin B, Frenkel E and Rybnikov L 2007 Opers with irregular singularity and spectra of the shift of argument
subalgebra Preprint 0712.1183

Nagoya H 2004 Quantum Painlevé Systems of Type A\ Inz. J. Math. 15 1007-31

Boalch P 2001 Symplectic manifolds and isomonodromic deformations Adv. Math. 163 137-205

Talalaev D 2006 Quantization of the Gaudin system Funct. Anal. Appl. 40 86-91

Tarasov A 2000 On some commutative subalgebras in the universal enveloping algebra of the Lie algebra
gl(n, C) Sb. Math. 191 1375-82

Schechtman and Varchenko A 1989 Integral representations of N-point conformal correlators in the WZW
model (Bonn: Max-Planck Insitut) pp 1-22

Date E, Jimbo M, Matsuo A and Miwa T 1989 Hypergeometric-type integrals and the sl Knizhnik—
Zamolodchikov equation Yang—Baxter Equations, Conformal Invariance and Integrability in Statistical
Mechanics and Field Theory (Singapore: World Scientific)

Jimbo M and Miwa T 1981 Monodromy preserving deformation of linear ordinary differential equations with
rational coefficients II Physica D 2 407-48

Noumi M and Yamada Y 1998 Higher order Painlevé equations of type A\" Funk. Ekvac. 41 483-503


http://dx.doi.org/10.1023/A:1009862302234
http://dx.doi.org/10.1007/s00031-005-1008-6
http://dx.doi.org/10.1155/S1073792802111081
http://www.arxiv.org/abs/math.QA/06127981
http://www.arxiv.org/abs/0712.1183
http://dx.doi.org/10.1142/S0129167X0400265X
http://dx.doi.org/10.1006/aima.2001.1998
http://dx.doi.org/10.1007/s10688-006-0012-5
http://dx.doi.org/10.1070/SM2000v191n09ABEH000509
http://dx.doi.org/10.1016/0167-2789(81)90021-X

	1. Introduction
	2. Gaudin Hamiltonians
	3. Confluent Verma modules
	4. Confluent KZ equation
	5. Monodromy preserving deformation
	6. Examples: quantum Painlevé equations
	Acknowledgments
	References

